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Abstract

We study strategic voting in a Condorcet type model in which voters have
identical preferences but differential information. Voters incur private costs of
going to the polls and may abstain if they wish; hence voting is voluntary. We
show that under majority rule with voluntary voting, it is an equilibrium to
vote sincerely. Thus, in contrast to situations with compulsory voting, there
is no conflict between strategic and sincere behavior. In large elections, the
equilibrium is shown to be unique. Furthermore, participation rates are such
that, in the limit, the correct candidate is elected with probability one. Finally,
we show that in large elections, voluntary voting is welfare superior to compulsory
voting.

1 Introduction

Condorcet’s celebrated Jury Theorem states that, when voters have common interests
but differential information, sincere voting under majority rule produces the correct
outcome in large elections. There are two key components to the theorem. First, it
postulates that voting is sincere—that is, voters vote solely according to their private
information. Recent theoretical work shows, however, that sincerity is inconsistent
with rationality—it is typically not an equilibrium to vote sincerely. The reason is
that rational voters will make inferences about others’ information and, as a result,
will have the incentive to vote against their own private information (Austen-Smith
and Banks, 1996).

Equilibrium voting behavior involves the use of mixed strategies—with positive
probability, voters vote against their private information. Surprisingly, this does not
overturn the conclusion of the Jury Theorem: In large elections, there exist equilibria
in which the correct candidate is always chosen despite insincere voting (Feddersen
and Pesendorfer, 1997 & 1998). These convergence results, while powerful, rest on
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equilibrium behavior that may be deemed implausible. Voting is not only insincere
but random. Moreover, some voters have megative returns to voting—they would
rather not vote at all—this is a manifestation of the “swing voter’s curse” (Feddersen
and Pesendorfer, 1996).

Second, these generalizations of the Jury Theorem rely on the assumption that
voter turnout is high. Indeed it is implicitly assumed that voting is compulsory, so all
eligible voters show up to vote. When voting is voluntary and costly, however, there
is reason to doubt that voters will turn out in large enough numbers to guarantee
correct choices. Indeed, even if there were no swing voter’s curse, rational voters
would correctly realize that a single vote is unlikely to affect the outcome so there is
little benefit to voting. This is the “paradox of not voting” (Downs, 1957).

In this paper, we revisit the classic Condorcet Jury Theorem but with two amend-
ments to the environment. First, we relax the assumption that the size of the elec-
torate is fixed and commonly known in favor of one where the size is random as in
the Poisson model introduced by Myerson (1998 & 2000). This, by itself, affects none
of the findings discussed above but, as Myerson (1998) has demonstrated, leads to
a simpler analysis. Second, and more important, we relax the (implicit) assumption
that voting is compulsory. Specifically, voters incur private costs of voting and may
avoid these by abstaining. Voters in our model are fully rational, so the twin problems
of strategic voting and the paradox of not voting are present.

We show that under costly and voluntary voting,

1. There exists an equilibrium with endogenously determined participation rates
and sincere voting. Thus, there is no conflict between rationality and sincerity.

In large elections:

2. The equilibrium we study is unique.

3. While the turnout percentage goes to zero, the expected number of voters is
unbounded—regardless of the distribution of voting costs.

4. Participation rates are such that the correct candidate is always elected.

Finally, we compare voluntary voting with compulsory voting when there are zero
costs. While one may speculate that in this case, the two models are equivalent, we
show that in large elections:

5. Voluntary voting is welfare superior to compulsory voting.

To summarize, adding the realistic feature of voluntary and costly voting to the
classic Condorcet model restores many of the desirable properties of the original
Jury Theorem. Sincere voting obtains as an equilibrium, and, in large elections, the
correct candidate is always chosen. Equilibrium payoffs are non-negative and so with
voluntary voting, the swing voter’s curse is lifted.

To see why voluntary (and costly) voting may lead to sincere voting behavior,
consider a two-candidate election in which voters have 50-50 prior beliefs as to the



“correct” candidate. Each voter receives a private signal about the suitability of the
candidates. Suppose that signals in favor of A are more accurate than those in favor
of B. In other words, a signal in favor of A is more likely in situations in which A is
the correct candidate (say the chances of this are 75%) than a signal in favor of B is
in situations in which B is the correct candidate (say the chances of this are 60%).

First, suppose voting is compulsory and there is a large population. Suppose
further that all voters save one, vote sincerely and consider a voter with a signal in
favor of A. This voter is pivotal—his vote affects the outcome—if the vote counts
are roughly equal. But since signals for A are more accurate than signals for B, a
roughly 50-50 vote split is more likely when B is the right candidate. Thus a voter
with signal A should rationally vote for B. It is not an equilibrium for everyone to
vote sincerely.

Now suppose that voting is voluntary and participation behavior is such that
those with information favorable to B are more likely to turn out than those with
information favorable to A. The fact that the votes are roughly the same does not
automatically imply that the signals are biased towards B: voters in favor of B are
more likely to vote, and this mitigates the biased inference from the split vote itself.
Our main result exploits this reasoning and shows that, in fact, the endogenously
determined participation rates lead to sincere voting behavior.

Related literature Early work on the Condorcet Jury Theorem viewed it as a
purely statistical phenomenon—an expression of the law of large numbers. Perhaps
this was the way that Condorcet himself viewed it. Game theoretic analyses of the
Jury Theorem originate in the work of Austen-Smith and Banks (1996). They show
that sincere voting is generally not consistent with equilibrium behavior.

Feddersen and Pesendorfer (1997, 1998) derive the (“insincere”) equilibria of the
voting games specified above—these involve mixed strategies—and then study their
limiting properties. They show that, despite the fact that sincere voting is not an
equilibrium, large elections still aggregate information correctly. McLennan (1998)
views such voting games, in the abstract, as games of common interest and argues
on that basis that there are always Pareto efficient equilibria of such games. Apart
from the fact that voting is costly and voluntary, our basic setting is the same as
that in these papers—there are two candidates, voters have common interests but
differential information (sometimes referred to as “common values”).

All of this work postulates a fixed and commonly known population of voters.
Myerson (1998 & 2000) argues that precise knowledge of the number of eligible voters
is an idealization at best, and suggests an alternative model in which the size of the
electorate is a Poisson random variable. He shows that this specification leads to
a simpler analysis and derives the mixed equilibrium for the majority rule in large
elections (in a setting where signal precisions are asymmetric). He then studies its
limiting properties as the number of expected voters increases, exhibiting information
aggregation results parallel to those derived in the known population models. As
mentioned above, in this paper we also find it convenient to adopt Myerson’s Poisson
game technology but are able to show that there is a sincere voting equilibrium for



any (expected) size electorate.

A separate strand of the literature is concerned with costly voting and endogenous
participation but in settings in which voter preferences are diverse (sometimes referred
to as “private values”). Palfrey and Rosenthal (1985) consider costly voting with
privately known costs but where preferences over outcomes are commonly known (see
also Palfrey and Rosenthal, 1983 and Ledyard, 1984 for models in which the costs are
also common knowledge). These papers are interested in formalizing Downs’ paradox
of not voting. Borgers (2004) studies majority rule in a costly voting model with
private values—that is, with diverse rather than common preferences. He compares
voluntary and compulsory voting and argues that individual decisions to vote or not
do not properly take into account a “pivot externality” —the casting of a single vote
decreases the value of voting for others. As a result, participation rates are too high
relative to the optimum and a law that makes voting compulsory would only worsen
matters. Krasa and Polborn (2007) show that the externality identified by Borgers’
is sensitive to his assumption that the prior distribution of voter preferences is 50-
50. With unequal priors, under some conditions, the externality goes in the opposite
direction and there are social benefits to encouraging increased turnout via fines for
not voting.

Ghosal and Lockwood (2007) reexamine Borgers’ result when voters have more
general preferences—including common values—and show that it is sensitive to the
private values assumption. Finally, Feddersen and Pesendorfer (1996) examine ab-
stention in a common values model when voting is costless. The number of voters is
random, some are informed of the state, while others have no information whatso-
ever. Abstention arises in their model as a result of the aforementioned swing voter’s
curse—in equilibrium, a fraction of the uninformed voters do not participate.

The paper is organized as follows. In Section 2 we introduce the basic environment
and Myerson’s Poisson model. As a benchmark, in Section 3 we first consider the
model with compulsory voting and establish that sincere voting is not an equilibrium.
In Section 4, we introduce the model with voluntary and costly voting. We first
show that under the assumption of sincere voting, there exist positive equilibrium
participation levels. We then show that given those participation levels, sincere voting
is incentive compatible. Section 5 studies the limiting properties of the equilibria
considered in the previous section—it is shown that in the limit, information fully
aggregates and the correct candidate is elected with probability one. In Section 6
we show that all equilibria must be sincere and then use the information aggregation
properties of large elections to show that there is, in fact, a wnique equilibrium.
Finally, Section 7 compares social welfare under voluntary versus compulsory voting.
We show that in large elections, even if it is costless to vote, voluntary voting is
welfare superior to compulsory voting.

All proofs are collected in the appendices.



2 The Model

There are two candidates, named A and B, who are competing in an election decided
by majority voting.! There are two equally likely states of nature, o and 3.2 Candi-
date A is the better choice in state a while candidate B is the better choice in state
B. Specifically, in state a the payoff of any citizen is 1 if A is elected and 0 if B is
elected. In state 8, the roles of A and B are reversed.

The size of the electorate is a random variable which is distributed according to
a Poisson distribution with mean n. Thus the probability that there are exactly m
eligible voters (or citizens) is e~ "n™ /m/.

Prior to voting, every citizen receives a private signal S; regarding the true state of
nature. The signal can take on one of two values, a or b. The probability of receiving a
particular signal depends on the true state of nature. Specifically, each voter receives
a conditionally independent signal where

Pria|a]=rand Prjb| ] =s

We suppose that both r and s are greater than %, so that the signals are informative
and less than 1, so that they are noisy. Thus, signal a is associated with state «
while the signal b is associated with 8. The posterior probabilities of the states after
receiving signals are

aHdQ(ﬁ\b):ﬁ

We assume, without loss of generality, that r > s. It may be verified that

q(afa) <q(Bb)

Q(a|a):ﬁ

Thus the posterior probability of state « given signal a is smaller than the posterior
probability of state [ given signal b even though the “correct” signal is more likely
in state a.

Pivotal Events An event is a pair of vote totals (j, k) such that there are j votes
for A and k votes for B. An event is pivotal for A if a single additional vote for A
will affect the outcome of the election. We denote the set of such events by Piva.
One additional vote for A makes a difference only if either (i) there is a tie; or (ii)
A has one vote less than B. Let T = {(k,k) : k > 0} denote the set of ties and let
T 1 ={(k—1,k): k> 1} denote the set of events in which A is one vote short of a
tie. Similarly, Pivp is defined to be the set of events which are pivotal for B. This
set consists of the set T of ties together with events in which A has one vote more
than B. Let Ty = {(k,k — 1) : k > 1} denote the set of events in which A is ahead
by one vote.

'In the event of a tied vote, the winning candidate is chosen by a fair coin toss.
2The analysis is unchanged if the states are not equally likely. We study the simple case only for
notational ease.



Let 0 4 be the expected number of votes for A in state o and let o be the expected
number of votes for B in state «. Analogously, let 74 and 75 be the expected number
of votes for A and B, respectively, in state 8. Since it may be possible for voters to
abstain, it is only required that o4 + 0 <nand 74 + 75 < n.

Consider an event where (other than voter 1) the realized electorate is of size
m and there are k votes in favor of A and [ votes in favor of B. The number of
abstentions is thus m — k — [. The probability of this event in state « is

e " m k+1 ke
Pr[(kz,l;m)a]:m!<k+l>< h )(n—aA—aB)m b=l ok oy

It is useful to rearrange the expression as follows:

m—k—l
. _ —(n—ca—op) (TL —0A— JB)
Pr[(k,l;m)|a] = e ATIB (m— kD]
k l
0494 _-0p9B
xXe Aﬁe BZT

Of course, the size of the electorate is unknown to voter 1. The probability of the
event (k, 1), irrespective of the size of the electorate, is

o0

Pr((k,0)[a] = Y Pr((klm)|o]
m=k+I
k i
_ —049A -0p59B
= e T

The probability of the event (k,[) in state § may similarly be obtained by replacing
o with 7.
The probability of a tie in state « is

—oa—on N T4 0B
PriT|a)=e7477" TR (1)
k=0

while the probability that A falls one vote short in state « is

o k—1 k

o A—C g g
Prlfy o] =7y A gl @
k=1 o

The probability Pr [T’ | a] that A is ahead by one vote may be written by exchang-
ing 04 and op in (2). The corresponding probabilities in state 5 are obtained by
substituting 7 for o.

In what follows, it will be useful to rewrite the pivot probabilities in terms of



modified Bessel functions (see Abramowitz and Stegun, 1965), defined by

oo (z\k (z\k
Io(z) _ ZL?(Q)
i !

L) = i (z)’”' ()

In terms of modified Bessel functions, we can rewrite the probabilities associated with
close elections as

PriT|a] = e 747781y(2\/040B)
+1
Pr[Tei|a] = e 7477 (52) " 1 (2yoa05) 3)

Again, the corresponding probabilities in state 8 are found by substituting 7 for o.

For our asymptotic results it is useful to note that when z is large, the modified
Bessel functions can be approximated as follows® (see Abramowitz and Stegun, 1965,
p. 377)

~ I (z) (4)

3 Compulsory Voting

While our main concern is with situations in which voting is voluntary, it is useful
to first study the benchmark case of compulsory voting. Austen-Smith and Banks
(1996) showed that sincere voting does not constitute an equilibrium in a model with
a fixed number of voters. Here, we show that this conclusion extends to the Poisson
framework as well.*

Suppose that voting is sincere; that is, all those with a signal of a vote for A
and all those with a signal of b vote for B. Under compulsory and sincere voting, the
expected number of votes for A in state « is simply n times the chance that a voter
gets an a signal; that is, 04 = nr. The expected number of votes for B in state «
is simply n times the probability of a b signal; that is, o = n (1 — r). Similarly, in
state [ the expected vote totals are 74 =n (1 — s) and 75 = ns.

Since both o — 0o and 7 — oo, the formulae in (4) imply that for large n,

Pr[Piva | o] + Pr[Pivp | o] e2n/r(1=r) < K (r,5)
Pr[Piva | B] + Pr[Pivg | 8]~ p2ny/s(i—9) ’

(5)

where K (r, s) is positive and, with compulsory voting, independent of n. If r > s > %,
s(l—=s) > r(1l—r) and so the expression in (5) goes to zero as n increases. This
implies that, when n is large and a voter is pivotal, state § is infinitely more likely

3X (n) = Y (n) means that lim, . (X (n) /Y (n)) = 1.
1See also Myerson (1998).



than state a. Thus, a type voters will not wish to vote sincerely.” It then follows
that:

Proposition 1 If voting is compulsory, sincere voting is not an equilibrium in large
elections.

In Section 7 below, we reexamine compulsory voting in more detail with a view
to comparing it to the case of voluntary voting.

4 Voluntary Voting

In this section, we simultaneously introduce two features to the model. First, we allow
for the possibility of abstention—every citizen need not vote. Second, we suppose
that citizens have heterogeneous costs of going to the polls, which can be avoided
by staying at home. Specifically, a citizen’s cost of voting is private information and
determined by an independent realization from a continuous probability distribution
F with support [0,1]. We suppose that F' admits a density f that is strictly positive
on (0,1). Finally, we assume that voting costs are independent of the signal as to
who is the better candidate.
Thus prior to the voting decision, each citizen has two pieces of private information—

his cost of voting and a signal regarding the state. We will show that there exists an
equilibrium of the voting game with the following features.

1. There exists a pair of positive threshold costs, c, and ¢, such that a citizen with
a cost realization ¢ and who receives a signal ¢ = a, b votes if and only if ¢ < ¢;.
The threshold costs determine differential participation rates F (c,) = p, and

F(Cb) = Db.

2. All those who vote do so sincerely—that is, all those with a signal of a vote for
A and those with a signal of b vote for B.

In the model with voluntary and costly voting, our main result is

Theorem 1 With voluntary voting under majority rule, there exists an equilibrium
with positive participation in which all voters vote sincerely. In large elections, the
equilibrium is unique, and the right candidate is elected with probability one.

The result is established in four steps. First, we consider only the participation
decision. Under the assumption of sincere voting, we establish the existence of posi-
tive threshold costs and the corresponding participation rates. Second, we show that
given the participation rates determined in the first step, it is indeed an equilibrium
to vote sincerely. Third, we show that in large elections the participation rates are
such that, in the limit, information fully aggregates—the right candidate is chosen
with probability one. Fourth, we show that in large elections, the equilibrium is
unique.

If r = s, then the ratio of the pivot probabilities is always 1 and incentive compatibility holds.
This corresponds to one of the non-generic cases identified by Austen-Smith and Banks (1996) in a
fixed n model. See also Myerson (1998).



4.1 Equilibrium Participation Rates

We now show that when all those who vote do so sincerely, there is an equilibrium
in cutoff strategies. That is, there exists a threshold cost ¢, > 0 such that all
voters receiving a signal of ¢ and having a cost ¢ < ¢, go to the polls and vote for
A. Analogously, there exists a threshold cost ¢, > 0 for voters with a signal of b.
Equivalently, one can think of a participation probability, p, = F (cq) that a voter
with an a signal goes to the polls and a probability p, = F (¢p) that a voter with a b
signal goes to the polls.

Under these conditions, a given voter will vote for A in state « only if he receives
the signal a (which happens with probability r) and has a voting cost lower than
¢q (which happens with probability p,). Thus the expected number of votes for A
in state « is 04 = nrp,. Similarly, the expected number of votes for B in state
ais op = n (1 —r)pp. The expected number of votes for A and B in state [ are
T4 =n(1—s)p, and Tp = nspy, respectively.

We look for participation rates p, and p, such that a voter with signal a and cost
ca = F71(p,) is indifferent between going to the polls and staying home. Formally,
this amounts to the condition that

Ua (Paspp) = q(a| a)Pr[Piva | o] —q(B | a) Pr[Piva | f] = F~1(pa) (IRa)

where the pivot probabilities are determined using the expected vote totals ¢ and 7
as above. Likewise, a voter with signal b cost ¢, = F~! (py) must also be indifferent.

Us (Paspv) = q (8| b) Pr [Pivg | B] —q(a | b)Pr[Pivg | a] = F~'(m)  (IRb)

Proposition 2 There exist participation rates p}; € (0,1) and pj € (0,1) that simul-
taneously satisfy IRa and IRb.

To see why there are positive participation rates, suppose to the contrary that
type a voters, say do not participate at all. Consider a citizen with signal a. Since
no other a types vote, the only circumstance in which he will be pivotal is either if
no b types show up or if only one b type shows up. Conditional on being pivotal, the
likelihood ratio of the states is simply the ratio of the pivot probabilities. But

Pr[Piva|a] e ™IP  14n(1—71)p,

X
Pr[Piva | f] e~ nsPh 1+ nspp

Notice that the ratio of the exponential terms favors state o while the ratio of the
linear terms favors state 5. It turns out that the exponential terms always dominate.
(Formally, this follows from the fact that the function e™* (1 + x) is strictly decreasing
for z > 0 and that s > 1 —r.) Since state « is more likely than 3 for a pivotal a type
voter, the payoff from voting is positive.

The next result shows that b type voters are more likely to show up at the polls
than a type voters.

Lemma 1 Ifr > s, then any solution to IRa and IRb satisfies p;, < pj.



To see why the result holds, consider the case where the participation rates are
the same for both types. In that case, no inference may be drawn from the overall
level of turnout, only from the vote totals. Consider a particular voter. When the
votes of the others are equal in number, it is clear that a tie among the other voters
is more likely in state 8 than in state « (since b signals are noisier than a signals and
everyone is voting sincerely) and this is true whether the voter has an a signal or a
b signal. Now consider a voter with an a signal. When the votes of the others are
such that A is one behind, then once the voter includes his own a signal (and votes
sincerely), the overall vote is tied and by the same reasoning as above, an overall tie
is more likely in state 8 than in «. Finally, consider a voter with a b signal. When
the votes of the others are such that B is one behind, then once the voter includes his
own b signal (and again votes sincerely), the overall vote is tied once more. Again,
this is more likely in 8 than in «.

Thus if participation rates are equal, chances of being pivotal are greater in state
B than in state . This implies that voting is more valuable for someone with a b
signal than for someone with an a signal. But then the participation rates cannot be
equal.

The formal proof (in Appendix A) runs along the same lines but applies to all
situations in which p, > pp.

The workings of the proposition may be seen in the following example.

Example 1 Consider an expected electorate n = 100. Suppose the signal pqecisz’ons
r= % and s = % and that the voting costs distributed according to F (c) = ¢3. Then

p;; = 0.152 and p; = 0.181.

Figure 1 depicts the IRa and IRb curves for this example. Notice that neither
curve defines a function. In particular, for some values of pp, there are multiple
solutions to IRa. To see why this is the case, notice that for a fixed pp, when p, is
small there is little chance of a close election outcome and hence little benefit to a
types of voting. As the proportion of a types who vote increases, the chances of a
close election also increase and hence the benefits from voting rise. However, once p,
becomes relatively large, the chances of a close election start falling and, consequently,
so do the benefits from voting.

4.2 Sincere Voting

In this subsection we establish that given the participation rates as determined above,
it is a best-response for every voter to vote sincerely.

Likelihood Ratios The following result is key in establishing this—it compares
the likelihood ratio of a to § conditional on the event Pivp to that conditional on the
event Piva. It requires only that the voting behavior is such that expected number
of votes for A is greater in state o than in state 8 and the reverse is true for B. While
the lemma is more general, it is easy to see that sincere voting behavior satisfies the
assumptions of the lemma.

10



Figure 1: Equilibrium Participation Rates

Lemma 2 (Likelihood Ratio) If voting behavior is such that o4 > 74 and op <
TR, then
Pr[Pivg |a] _ Pr[Piva | o] (6)
Pr[Pivp | 8] = Pr[Piva | f]

Since 04 > 74 and o < Tp, then, on “average,” the ratio of A to B votes is
higher in state « than in state 5. Of course, voters’ decisions do not depend on the
average outcome, but rather on pivotal outcomes. The lemma shows that even when
one considers the set of “marginal” events where the vote totals are close (and a voter
is pivotal) it is still the case that A is more likely to be leading in state o and more
likely to be trailing in state 5 (details are provided in Appendix A).

Incentive Compatibility With the Likelihood Ratio Lemma in hand, we now
examine the incentives to vote sincerely. Let (pj,p;) be equilibrium participation
rates. A voter with signal a and cost ¢} = F~1 (p}) is just indifferent between voting
and staying home, that is,

¢(a|a)Pr[Pivalal —q(B|a)Pr[Piva | 5] = F~" (p}) (IRa)

11



We want to show that sincere voting is optimal for a “type a” voter if others are
voting sincerely. That is,
q(ala)(Pr[Piva|a] —q(8|a)Pr[Piva | f])
> q(B|a)Pr[Pivg | ] —q(a|a)Pr[Pivp | o (ICa)
The left-hand side is the payoff to a type a voter from voting for A whereas the
right-hand side is the payoff to voting for B.
Now notice that since p; > 0, IRa implies
Pr[Piva | o] S q (B
Pr[Piva | B] © q(c

and so applying Lemma 2 it follows that,

Pr[Pivg | o] _ q(8]a)
Pr[Pivg | B] ~ q(a|a)

a)
a)

which is equivalent to
q(B|a)Pr[Pivg|p]—q(a|a)Pr[Pivg|a] <0

and so the payoff from voting for B with a signal of a is negative. Thus ICa holds.
We have argued that if (p, p;) are such that a voter with signal a and cost F~1 (p)
is just indifferent between participating or not, then all voters with a signals who
have lower costs, have the incentive to vote sincerely. Recall that this was not the
case under compulsory voting.

What about voters with b signals? Again, since (p,p;) are equilibrium partic-
ipation rates, then a voter with signal b and cost ¢; = F -1 (pp) is just indifferent
between voting and staying home, that is,

q(B]b)Pr[Pivg | B —q(a | b)Pr[Pivg | o] = F~* (p}) (IRb)

We want to show that a voter with signal b is better off voting for B over A, that is
q(B]b)Pr[Pivg | 8] — q(a | b)Pr[Pivg | a

> q(a|b)Pr[Piva|a] —q (B |b)Pr[Pivs | §] (ICb)

As above, since p; > 0, the left-hand side of ICb is strictly positive and Lemma 2
implies that the right-hand side is negative.
We have thus established,

Proposition 3 Under voluntary participation, sincere voting is incentive compatible.

Proposition 3 shows that it is optimal for each participating voter to vote accord-
ing to his or her own private signal alone, provided that others are doing so. One may
speculate that equilibrium participation rates are such that, conditional on being piv-
otal, the posterior assessment of o and 3 is 50-50. Thus, a voter’s own signal “breaks

12



the tie” and sincere voting is optimal. This simple intuition turns out to be incorrect,

however. In Example 1, for instance, this posterior assessment favors state 3 slightly;

that is, Pr[o | Piva U Pivg] < 3. But once an a type voter takes his own signal also
1

into account, the posterior assessment favors «, that is, Pr[a | a, Piva U Pivg| > 3.

5 Large Elections

Together, Propositions 2 and 3 show that there exist a pair of positive equilibrium
participation rates which induce sincere voting. In this section, we study the limiting
behavior of these rates. We will show that although the participation rates go to zero
as n increases, they do so sufficiently slowly so that the expected number of voters
goes to infinity.
The approximation in (4) implies that if \/og 405 — 00, as n — oo then, for large
n
o—(oatos—2y7a05)  ~(vFa—vaB)
Pr[T | o] ~ = (7)
\/ 4 \/oA0RB \/4m\/oA0RB
Also, the probability of “offset” events of the form T’y or T_1 can be approximated
as follows

Pr[Ty | o] ~ Pr[T | o] x (%) 2 (8)

And of course, the corresponding probabilities in state 8 can again be approximated
by substituting 7 for o.

The probabilities of the pivotal events defined in Section 2 can then be approxi-
mated by using (7) and (8).% In state

Pr[Piva | o] ~ %Pr[T|a]x(1+\/§) 9)
Pr[Pivg | a] ~ %Pr[T|a]><<1—|—\/%) (10)

Again, the pivot probabilities in state § can similarly be obtained by substituting =
for o.
As a first step we have’

Lemma 3 In any sequence of sincere voting equilibria, the participation rates tend
to zero; that is, limsup p, (n) = limsup p, (n) = 0.

To see why this is the case, suppose to the contrary that one or both types of
voters participated at positive rates even in the limit. Then an infinite number of
voters would turn out and the gross benefit to voting would go to zero since there
is no chance that an individual’s vote would be pivotal. Since voting is costly, a
voter would be better off staying at home than voting under these circumstances. Of
course, this contradicts the notion that participation rates are positive in the limit.

5The approximation formulae for the pivot probabilities also follow from Myerson (2000).
"Unless otherwise specified, all limits are taken as n — oo.
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On its face, Lemma 3 seems inconsistent with observed turnout rates in large
elections. Indeed, a general criticism of costly voting models is that they predict
implausibly low rates of voter participation. However, when voting costs are het-
erogeneous, this is no longer the case. For a fixed (expected) electorate n, there
exist voting cost distributions F, and signal precisions, r and s, that are capable of
rationalizing any observed turnout rates.

While Lemma 3 shows that, for a fixed cost distribution F, participation rates
go to zero as the number of potential voters goes to infinity, there is, in fact, a race
between the shrinking participation rates and the growing size of the electorate. A
common intuition is that the outcome of this race depends on the shape of the cost
distribution—particularly in the neighborhood of 0. As we show below, however,
sincere voting equilibria have the property that the number of voters (of either type)
becomes unbounded regardless of the shape of the cost distribution. In other words,
the problem of too little participation does not arise in the limit—even though voting
is voluntary and costly. Formally,

Proposition 4 In any sequence of sincere voting equilibria, the expected number of
voters with either signal tends to infinity; that is,

liminf np, (n) = oo = liminf np;, (n)
Proof. The proof is a direct consequence of Lemmas 6 and 7 in Appendix B. m

On its face, the result seems intuitive. If there is only a finite turnout in expecta-
tion, then there is a positive probability that a voter is pivotal and, one might guess,
this would mean that there is a positive benefit from voting; thus contradicting the
idea that the cost thresholds go to zero in the limit. However, the mere fact of being
pivotal with positive probability is no guarantee of a positive benefit from voting. It
may well be that, conditional on being pivotal, the likelihood ratio is exactly 50-50
under sincere voting. In that case, there would be no benefit from voting whatsoever
and hence the cost threshold would, appropriately, go to zero.

To gain some intuition for why this is never the case, it is helpful to consider
what happens when a and b signals are equally precise, that is, when r = s. It is
easy to see that in that case, the participation rates for a and b voters will be the
same, and hence the likelihood of a given state will depend only on the relative vote
totals. Consider a voter with an a signal when aggregate turnout is finite. This voter
is pivotal under two circumstances—when A is behind by a vote and when the vote
total is tied. When A is behind by a vote, the inclusion of the voter’s own a signal
leads to a 50-50 likelihood of « versus 5. In other words, when the voter includes her
own signal, these events are not decisive as to the likelihood of « versus 5. When
the vote total is tied, the likelihood ratio favors «. Thus, the overall likelihood ratio
favors a.

Of course, when signal precisions are not the same, turnout rates are no longer
equal and the inference from the vote totals is more complicated. However, when
voting is efficient (that is, A is more likely to win in state «), then the same basic
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intuition obtains. Voters endogenously participate in such a way that the likelihood
ratios turn on the tie events rather than on the events in which A is either ahead
or behind by one vote. As a consequence, the likelihood ratio for a voter with an a
signal favors a and hence there is a strictly positive benefit to voting. This, in turn,
implies that the expected number of voters becomes unbounded. For the inefficient
case, the argument is more delicate. The formal proof, which is somewhat involved,
shows, however, that the likelihood ratio cannot be 50-50 for both sides.

We now turn to the question of whether the equilibrium is efficient under costly
voting. In other words, is it the case that in large elections, the “right” candidate is
elected? One may have thought that we have, in effect, already answered this question
(in the affirmative) by showing that voting is sincere and expected participation is
unbounded in large elections. However, this ignores that the fact that voters with
different signals turn out at different rates. If turnout is too lop-sided in favor of
B versus A, then even with sincere voting, the election could still fail to choose the
“right” candidate.

5.1 Information Aggregation

In large elections, candidate A is chosen in state « if and only if rp, > (1 —7)p
and candidate B is chosen in state [ if and only if (1 —s)p, < spp. Information
aggregation thus requires that for large n, the equilibrium participation rates satisfy

1—7“<pa s

(11)

First, recall from Lemma 1 that any solution to the threshold equations satisfies
Do < pp. Thus in large elections, in equilibrium, b types turn out to vote at higher
rates than do a types. Since s > %, this implies that the second inequality holds and
so in large elections, B wins in state 8 with probability 1.

In state a, however, the larger turnout for B is detrimental. We now argue that
in large elections, the first inequality also holds.

First, note that since with sincere voting, it follows from Lemma 7 (in Appendix
B) that

+1 1
lim sup (UA> i < oo and limsup <TA> ’ < 00

OB TB
Hence in the expressions for the pivot probabilities (specifically, (9) and the corre-
sponding formula in state ), the exponential terms dominate in the limit. Thus we
have )
Pr[Piva | a] e~ (vVoa—van)

Pr[Piva | Bl ~(vFa-v7E)

where K is a function that stays finite in the limit.
Thus it must be the case that in the limit

(vVoa—+o8)’ = (Ta—V7B) (12)

X K(0A,0B,TA,TR)
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In particular, suppose that the left-hand side of (12) was greater than the right-hand
side. In that case,

Pr[Piva | o]
Pr[Pivya | f]

and it would then follow that state [ is infinitely more likely in the event Piv4 than
is state a.. This, however, would imply that the gross benefit to a voter with signal a
from voting is negative, which contradicts Lemma 3. Similarly, if the left-hand side
was smaller then it would then follow that state « is infinitely more likely in the event
Pivg than is state 8. This, however, would then imply that the gross benefit to a
voter with signal b from voting is negative, which also contradicts Lemma 3. Thus
(12) must hold in the limit.

Under sincere voting o4 = nrpg; op =n(l—7)pp; 74 =n(l —s)p, and 75 =
nspy, and so (12) can be rewritten as

Vi VT=s\ [~k (Vi [ - VT=7)
and the left-hand side is positive since py > p,. Now observe that if (1 — r)py > rp,,

then we have
Vs = V1—s /B 1 —r—/r [l

and this is impossible since both r and s are greater than % (Lemma 7 in Appendix
B ensures that %‘; is bounded). Thus we must have, that for large n, rp, > (1 — ) pp.
We have thus shown that information fully aggregates in large elections.

lim =0

Proposition 5 In any sequence of sincere voting equilibria, the probability that right
candidate is elected in each state (A in state o and B in [3) goes to one.

Note that as a result of the reasoning above, we know that
Vs—+v1-s %‘Z%\/ﬂ/%‘;—\/l—r
and so we obtain that ratio of the participation probabilities satisfies

Pa _ V1-r+4/s

lim =
Db Vr+V1—s

(13)

6 Uniqueness

In this section, we show that with voluntary and costly voting, there is a unique
equilibrium when n is large. Recall that the equilibrium derived in the previous
sections has the following features: (i) voting is sincere; and (ii) the cost thresholds
are determined by IRa and IRb.

The uniqueness of the equilibrium is established in two steps. In the first step,
we show that all equilibria must involve sincere voting (this result does not require n
to be large). It is easy to see that at least one type must vote sincerely. Let U (A, a)
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denote type a’s payoff from voting for A. Similarly, define U (B, A), U (A,b) and
U (B,b). If neither type votes sincerely, then we have

U(A,a)> U (A,b) > U (B,b)

where the first inequality follows from the fact that all else being equal, voting for
A must be better having received a signal in favor of A than a signal in favor of B.
The second inequality follows from the fact that b types find it profitable to vote
insincerely. At the same time, we also have

U(B,b) >U(B,a)>U(A,a)

and the two inequalities contradict each other. To show that, in fact, both types vote
sincerely we show that the Likelihood Ratio Lemma holds even if voting is insincere.
The Likelihood Ratio condition then shows that it cannot be a best response for either
type to vote insincerely (Lemma 10 in Appendix C). Thus all equilibria involve sincere
voting.

The second and final step is to show that when n is large, there is a unique so-
lution to the cost thresholds. We know that in the limit, all sincere voting equilibria
are efficient: A wins in state @ and B wins in state 5. Thus, for large n, the equi-
librium participation probabilities satisfy (11). It can be shown that for any pair of
participation probabilities satisfying (11), the IRa curve is steeper than the IRb curve
(Lemma 11 in Appendix C). Thus they can intersect only once and so we obtain,

Proposition 6 In large elections, there is a unique equilibrium.

Proof. See Appendix C. m

7 Voluntary versus Compulsory Voting

The problem of low turnout in elections has led over 40 countries—for instance, Aus-
tralia, Belgium, Italy and many countries in South America—to adopt laws making
it mandatory to vote.® A variety of arguments, philosophical in nature, have been
offered in favor of such laws—that it is the duty of every citizen to vote or that a
well-functioning democracy must elicit the opinions of all its citizens. In this sec-
tion, we do not consider these philosophical arguments; rather we examine only the
informational rationale for compulsory voting.

The informational comparison between voluntary and compulsory voting is in-
fluenced by the following trade-off. Under voluntary voting, (i) not everyone votes;
but (ii) everyone who votes, does so sincerely. On the other hand, under compulsory
voting, (i) everyone votes; but (ii) voters do not vote sincerely (see Proposition 1).

8The severity of the penalty for not voting varies across countries. In some, it consists of a
small fine (Australia) while in others, it is more extreme—for instance, denial of government services

(Italy).
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Put another way, under voluntary voting, there is less information provided but it is
accurate whereas under compulsory voting, there is more information provided but
it is inaccurate. In what follows, we study this trade-off between the quality and
quantity of information. The main result of this section is that in large elections,
the trade-off is always resolved in favor of quality over quantity—voluntary voting is
welfare superior to compulsory voting.

When comparing the two systems, we will suppose that voting costs are zero.
Introducing voting costs adds an additional factor, a selection effect, which favors
voluntary voting. This is because under voluntary voting only those with low realized
costs turn out to vote and incur these costs whereas under compulsory voting all
voters incur voting costs. Since we will show that voluntary voting is superior even
when there are no costs, the ranking will obviously be unchanged if we introduce
small voting costs.

7.1 Compulsory Voting

In Section 3 we showed that when voting is compulsory, it is not an equilibrium for
all voters to vote sincerely. An equilibrium exists in which all b type voters vote
sincerely while a type voters mix between voting for A and voting for B. The mixing
probability is determined by the condition that for a types, the likelihood ratio of «
to B conditional on being pivotal is one. This is equivalent to requiring that

U(Aya) = q(a|a)Pr[Piva|al—q(B]|a)Pr[Pivy | f]
q(B|a)Pr[Pivp| Bl —q(a|a)Pr[Pivg | o] =U(B,a) (14)

That is, the returns to voting for A are equal to the returns from voting for B. As we
show in the next proposition, for large elections, there is a unique mixing probability
satisfying equation (14).

Proposition 7 In large elections under compulsory voting, there is a unique equi-
librium: (i) all b types vote for B; (ii) all a types vote for A with probability p < 1.
The sequence p(n) satisfies

1

— - 1
1+r—s (5)

lim p (n)

Again, we omit a detailed proof. The limit of the mixing probability u for a
type voters is the condition that a types are indifferent between voting for A and
voting for B. Since the exponential terms dominate in the limit, the condition that
U (A,a) =U (B,a) requires that

e (Vaai—vas)’ _ o~ (via-—v7s)’

and this is easily verified to be equivalent to

1

R a—
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Note that the equilibrium under compulsory voting has the unattractive feature
that a type voters derive a negative return from voting. To see this, notice that the
condition that the returns to voting for A are non-negative (the left-hand side of (14))
is equivalent to

Pr[Piva | _ 4 (8 ]a)
Pr[Piva | B] ~ q(a]a)

Since with compulsory voting, it is always the case that o4 > 74 and o < 7, the
Likelihood Ratio Lemma (Lemma 2) implies that

Pr[Pivg o] _ q(8|a)
Pr[Pivg | 8] = q(a|a)

which is equivalent to
q(B|a)Pr[Pivg|p]l—q(a|a)Pr[Pivg|a] <0

In other words, the returns to voting for B are negative whenever the returns to
voting for A are non-negative. Obviously, this is inconsistent with the requirement
an a type be indifferent between voting for A and voting for B. Thus the equality in
(14) can hold only if for a types, the payoff to voting is negative. Thus, we have’

Remark 1 In large elections under compulsory voting, a types derive negative re-
turns from voting.

7.2 Voluntary Voting with Zero Costs

Proposition 8 In large elections under voluntary voting with zero costs, there is a
unique equilibrium: (i) all b types vote; (ii) a types vote with probability p,; and (iii)
all those who vote, vote sincerely. The sequence p, (n) satisfies

(=9

We omit a detailed proof of this proposition since this is just a limiting case of
our model with voting costs. The limit of the ratio of the participation probabilities
follows by setting p, = 1 in equation (13).

One may speculate that when voting is costless, voluntary voting is equivalent to
compulsory voting—and perhaps that the equilibrium of a model with small private
costs leads only to a purification of the mixed equilibrium of the compulsory voting
setup.!® This is not the case. Equilibrium behavior under voluntary voting with zero
costs is determined by different considerations than it is under compulsory voting.
Under voluntary voting, the behavior of a types is determined by a comparison of
the payoffs from voting for A versus abstaining—that is, by the Piva events alone.

lim p, (n) = (16)

9 Myerson (1998) observes this in the context of a specific example.
Y Equilibrium of the voluntary voting model with small private costs is, of course, a purification
of the mixed equilibrium of the voluntary voting model with zero costs.
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Under compulsory voting, the behavior of a types is determined by a comparison of
the payoffs from voting for A versus voting for B—that is, by both the Piv4 events
and the Pivp events. Moreover, it is easy to see that the equilibrium (expected) vote
totals in the two models also differ. These differences form the basis of the welfare
comparison carried out in the next section.

7.3 Welfare Comparison

Having derived the limiting equilibrium behavior under the two regimes—voluntary
and compulsory voting with zero costs—we now use these to compare the welfare
in large elections. Intuitively, the probability that the election results in the correct
outcome depends on the ratio of the expected number of A votes to the expected
number of B votes. It turns out that this ratio is always more lopsided (in the right
direction) under voluntary voting than under compulsory voting. Using (15) and
(16), it may be verified that in large elections, the expected vote ratios in state « are

such that

oal _ oa
OB lvol OB |Ccom

while in state 3, the ratios are such that

TB TB
2 > =

TAlvol TAlCom

Thus in both states, the vote ratio is more favorable under voluntary voting than
under compulsory voting.
We now formalize this intuition by studying welfare directly. The social welfare
W («) in state « is the probability that A is elected; that is,
W(a) = Pr[A wins| o]
= 1—Pr[B wins | o

= Pr(T | o] — ZPr L | o

where T_,,, denotes the set of events in which A receives m fewer votes than does B.
Using the modified Bessel function notation, if we write

00 k m (Z)k

> o

k:m
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then the welfare in state « is

W) - 1_6—(0—A+os)( Iy (2v/7A05) + i (v/22)" n (2@))
m=1

VoaoB
- 1
-erowon (143 (V3)) S
m=

dm\/ocA0B O'AO'B

&

since for all m, the leading term of I, (2) is \/7 (Abramowitz and Stegun, 1965, p.
377). Thus, under the assumption that op < 04, we obtain

9B

W(a)~=1-— 67(\/077‘/@)2 % + i) L

1— /% N/ Ar /o A0

The welfare in state 8 can be written similarly by substituting 7 for ¢ and exchanging
A and B.

The main result of this section is

(17)

Proposition 9 In large elections, the welfare in either state is higher under volun-
tary voting than under compulsory voting.

Proof. We prove that welfare in state « is higher under voluntary voting than under
compulsory voting. The proof for state 5 is analogous.

In the limit, under voluntary voting, o4 = nrp, and op = n (1 — r) whereas, in
the limit, under compulsory voting, 04 = nrp and op =n (1 —rp).

From (17), it follows that in large elections, a welfare comparison rests only on
the exponential term. Specifically, we will show that the term /o4 — /o p is higher
under voluntary voting than under compulsory voting; that is,

VTPa —V1—1>\/rn 1—rp (18)
Substituting from (15) and (16) the inequality in (18) can be rewritten as

Vst+Vi-r _Vr-Vi-s
Vv e CRl i s

and we will establish the inequality

Vet Vi-r
\[\f—k\/lT Vi—r>yr—+v1-s (19)

which is is stronger because r > s, and so 1 +r — s > 1.
The inequality in (19) may be rearranged as

Vivs>r+s+V/1T—r/1—s—1 (20)
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Now when r = s, the two sides are equal and it may be verified that for fixed s, the
derivative of the left-hand side of (20) with respect to r is greater than the derivative
of the right-hand side. This completes the proof. m

8 Conclusions

Rational choice models of voting behavior have long been criticized on behavioral
grounds. They require voters to employ mixed strategies, they imply that swing
voters would prefer not to come to the polls, and when voting is costly, they beg the
question as to why anyone should bother to vote at all.

Many of these problems disappear if one amends the standard model to allow
for realistic features such as the possibility of abstention and heterogeneous costs of
going to the polls. With these additions, there is no longer a conflict between sincere
and strategic voting, swing voters willingly participate, and realistic turnout rates
can arise in equilibrium. Moreover, voting in large elections nearly always produces
the “right” outcome.

The model allows for a comparison between two polar cases—purely voluntary
voting and purely compulsory voting. Surprisingly, even when voting is costless, vol-
untary voting outperforms compulsory voting on informational grounds. The pres-
ence of insincere voting under the compulsory system accounts for this difference.

This is not to say that there is no scope for policies that encourage voting. Turnout
under voluntary voting suffers from the familiar free-rider problem. Voters turn out
to the extent that their private benefit from voting exceeds their personal cost in
getting to the poll. However, the information each voter brings to the poll provides a
social benefit: a better decision for the entire polity. This suggests a more nuanced
view of compulsory voting policies. The imposition of a small fine for not voting
is certainly welfare improving in our model while the imposition of large fines or
sanctions is not. Of course, policies that directly reduce the cost of voting, such
as California’s permanent absentee balloting initiative or Oregon’s move to purely
mail-in voting, are also welfare enhancing.

A Appendix: Equilibrium

Proof of Proposition 2. It is useful to rewrite IRa and IRb in terms of threshold
costs rather than participation probabilities. Let V, (cq,¢p) denote the payoff to
a voter with signal a from voting for A when the two threshold costs are ¢, =
F~1Y(py) and ¢ = F~1(pp); that is, Vg (ca, ) = Ua (F (ca), F (cp)) . Similarly, let
Vi (carcp) = Uy (F (ca), F (b)). We will show that there exist (cq, ) € (0,1)? such
that V, (¢cq, cp) = ¢q and Vj, (cay cp) = Cp.

The function V = (V, V3) : [0,1)> — [~1,1]* maps a pair of threshold costs to a
pair of payoffs from voting sincerely. Note that payoffs may be negative.
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Consider the function V1 : [0,1]* — [0, 1] defined by

Vit (ca,ep) = max{0,V,(ca,c)}
V}f(ca,cb) = max {0,V (cq,cp)}

Since V is a continuous function, V' is also continuous and so by Brouwer’s Theorem
V' has a fixed point, say (¢, ) € [0,1]°.

We argue that ¢ and c; are strictly positive. Suppose that ¢ = 0. Then p}; =
F (c}) is also zero and so there are no a types who vote. Consider an individual who
receives a signal of a. The only events in which a vote for A is pivotal is if either (i)
no b types show up to vote; or (ii) a single b type shows up. Thus

Pr[Pivg | o] = %e_”(l—T)PZ (1+n(l—7)pp)
Pr([Piva | 8] = e b (14 nspj)

where p; = F'(c;). We claim that Pr[Pivs | o] > Pr[Piva | B]. This follows from
the fact that the function e™ (1 + x) is strictly decreasing for z > 0 and s > 1 —r.
Hence, if p} =0

g(a|a)Pr[Pivy | al—q(B]|a)Pr[Pivg | 5] >0
since ¢ (o | a) > 3. Since ¢} = 0, this is equivalent to
Vo' (carcp) > i

contradicting the assumption that (c}, c;) was a fixed point. Thus ¢} > 0.
A similar argument shows that ¢; > 0.
Since both ¢ and ¢ are strictly positive, we have that

VT (e cp) =V (chcp) = (i ch)

Thus (¢, c;) is also a fixed point of V' and so solves IRa and IRb.
Next, notice that at any point (1, pp)

q(a|a)Pr[Piva | a] —q (B |a)Pr[Pivyg| 8] <1

Thus if (¢}, c;) is a fixed point of V' then we also have that both ¢ and ¢ are also
less than one. m

Proof of Lemma 1. We claim that if p, > pp, then U, (pa,ps) < Up (Paspp) -
A rearrangement of the relevant expressions shows that U, (pa,ps) < Up (Pa,pp) is
equivalent to

(glafa)+qalb)PriT o] +q(a|a)Pr(Toq|a]+q(a|b)Pr[Tii|a] (21)
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being less than

(q(B16)+q(Bla)Pr[T|pl+q(Ba)Pr(Ty|fl+q(BI0)Pr[Th| B (22)

We will show that each term in (21) is less than than the corresponding term in (22).
With sincere voting, o4 = nrpg, op =n (1 —7r)pp, T4 = n(l —8)p, and 75 =
nspp.
First, since r > s >
74+ 7. Thus,

1

3, We have 040 < Ta4Tp and since p, > pp, 04 + 05 >

> ok ok
Pr[T|a] = e 794798 —A_B
k! k!

k=0
x k k
e TATTB TATB
k! k!

k=0

= Pr(T[f]

It is also easily verified that ¢ (o | a) +¢q(a|b) < q¢(B|b)+q(B]|a).
Second, since r > s > %, we have for all £ > 1, T’O’Z_IO'% <(l—ys) 7"2_17'%. Thus,

T > U]j(l a%

PriT_ — »,~0A— 0B B
e e
r+1—sk_1(k—1)'/<:'

=q(Bla)Pr[T1]p
Third, a similar argument establishes that
q(a[0)Pr(Tyy [ a] <q(B]b)Pr[Ty;|p]

Combining these three facts establishes that (21) is less than (22)
This means that if p; > p;, then (p},p;) cannot satisfy IRa and IRb. Thus

Py <py ™
Proof of Lemma 2. Consider the functions
G(ry) = To(z)+/ 0 (2)
H(ey) = Io(:)+,/th(2)
where z = 2,/xy. Note that inequality in (6) is equivalent to

G(Ta,7TB) G (oa,0B)
>
H(ra4,78) = H(0oa,0B)

(23)
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We will argue that G/H is decreasing in z and increasing in y. Since 04 > 74
and op < 7p, this will establish the inequality (23).
It may be verified that

HG, —GH, = (lo(2)+,/2h(2) )(yfo +(1-1)/n(2)
- (]0 (2) + \/%Il (z))
= -2 (L= - 1?) + 2o () 1 () + 1 (2)%)

= -39 (CC, y)

where
g(@) = (—=) (0 (2= o (2)2) + /Lo () I (2) + 11 (2)?

We claim that g (x,y) > 0, whenever = and y are positive. Note that for any y > 0,
lim g (z,y) =0
z—0

Some routine calculations show that

0 @) = (12 420 ) + (B -1 (2?) - Loy

Thus, if g (x,y) <0, then g, (x,y) > 0 (recall that Iy (z) > I (z)). This implies that
forall z > 0, g (z,y) > 0 and so HG, — GH, < 0.
It may also be verified that

HG, - GH, = (Ioz+\/511,z)2
- (motz ffl @) GpE+(1-3) /51 @)

= i( < —I() ) \/>IO Il +Il()>
- 1
= yh )
where h(x,y) = g(y,z). The same reasoning now shows that so for all y > 0,

HGy,—-GH, > 0.
This completes the proof. m
B Appendix: Large Elections

Proof of Lemma 3. Suppose to the contrary, that for some sequence, lim ¢, (n) >
0. In that case, the gross benefits (excluding the costs of voting) to voters with a
signals from voting must be positive; that is

lim (¢ (a | a) Pr[Pivg | o] — q (B | a) Pr[Pivs | 5]) > 0
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where it is understood that the probabilities depend on n.

We know that along the given sequence, lim p, (n) > 0. This implies that limo 4 (n) =
lim nrp, (n) = co.

First, suppose that there is a subsequence along which lim /o0 405 < oco. In that
case,

Pr[Pivg | o) = e 74798 (Ig (2y/oaoB) + /32N (2\/0,403))

and since lim (e“’A/w/UA) = 0 and limsupe™B,/ocp < oo, along any such subse-
quence,

lim Pr[Piva | a] =0

Second, suppose that there is a subsequence along which lim /o405 = oo. In
that case,

Pr[Piva | a] ~ e owton 2/T) (1+/22)

\/4m\/oA0RB

Notice that the denominator is unbounded while the numerator is always bounded.
Hence, along any such subsequence,

lim Pr[Piva | a] =0
An identical argument applies for 74 (n) and 75 (n) . Therefore,
lim Pr[Piva | f] =0

But this means that the gross benefit of voting for A when the signal is a tends
to zero. This contradicts the assumption that limc, (n) > 0. =

Proof of Proposition 4. The result is a consequence of a series of lemmas.
Lemma 4 Suppose that there is a sequence of sincere voting equilibria such that
limnp, (n) = ng < 0o and limnpy (n) = ny < 0o. If rng > (1 — 1) ny, then Uy, = 0
implies U, > 0.
Proof. The condition that U, = 0 is equivalent to

sPr[Pivg | f] = (1 —r)Pr[Pivp | o
whereas U, > 0 is equivalent to

r Pr[Piva | a] > (1 — s) Pr[Pivya | 5]

We will argue that

r Pr[Pivy | o] (1 —7r)Pr[Pivg | o
(1 —s)Pr[Pivy | f] sPr[Pivg | f]
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or equivalently,

e (Pr[T | of + Pr(T_1 | o)) (I=r)ny (Pr[T | o] +Pr[Th1 | o)
(1= 8)na (Pr[T"| f] + Pr [Ty | ) sny (Pr [T | 8] + Pr [T | 5])

Now note that

e Pr(T_q | o) = (1 —r)ny Pr(T41 | o]

and
(1 =5)ngPr[T_1 | B] = snp Pr[Ty1 | 5]

and the required inequality follows from the fact that rn, > (1 —7)ny and (1 — s) ng <
sny. A

Lemma 5 Suppose that there is a sequence of sincere voting equilibria such that
limnpg (n) = n, < 00 and limnpy, (n) = ny, < 0o. If rng < (1 — ) ny, then U, > 0.

Proof. Consider the function
G(z,y) =€ 7Y (xlp (2) + %z]l (2))

where z = 2,/xy.
Note that if 04 = rn, and o = (1 — r) ny, then

e Pr[Piva | o] = Jo4e 74778 (IO (2v/oaop) + /321 (2\/%))
= %G(O’A,UB)
Similarly, if 74 = (1 — s) n, and 75 = sny, then
(1= s)na Pr[Piva | ] = 3G (74, 75)

We will show that when = < y, G (z,y) is increasing in x and decreasing in y.
Observe that

G (z,y) = e 7Y (Io(2) + 2y (2) 22 + 5 (211 (2)) 20 — 2o (2) — 3214 (2))
= e "V (Io(2) + 2y (2) 2p + 3210 (2) 20 — x1o (2) — 3211 (2))
eV (1+y—x)(2)
>

where we have used the fact that I} (z) = I (2) and (zI1 (2)) = zIp(2). Also,

T2y = %z and %zz,,j =y.
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Also,

Gy(z,y) = e "V (2l)(2)zy+ 5 (21 (2)) 2y — 2o (2) — 3211 (2))
e Y (alh (2) 2y + 3200 (2) 2y — 21y (2) — 3211 (2))
eV (vzy — 32) 11 (2)
< 0

where we have used the fact that, zyz = 2z and z, = \/% <land xz < %z

Finally, notice that since rn, < (1 —7r)ny
(I =5)ng <rng < (L —1)ny < sny

which is the same as
TA<OA<O0OB<TRBHB

and since G, > 0 and G, < 0 for z < y, we have

rPr{Pivalal  G(oa,0p) 51
(1—=s)Pr[Pivyg | 8] G(1a,7B)
and so
Up= — Pr[Piva| o] — ——5 Pr[Piva | 8] > 0
R A r+1—s A
|

Lemma 6 In any sequence of sincere voting equilibria, either limnp, (n) = oo or
limnpy, (n) = oo.

Proof. Lemma 3 then implies that both

lim U, (pa (n) ,pp(n)) =0 and lim Uy (pg (n) ,pp (n)) =0

Suppose to the contrary that limnp, (n) < oo and limmnp, (n) < oo. But now
Lemmas 4 and 5 lead to a contradiction. m

Our next lemma shows that in the limit, the participation rates are of the same
order of magnitude.

Lemma 7 In any sequence of sincere voting equilibria, (i) liminf pf(:)) > 0; and (ii)

Db
.o pe(n)
lim inf pe(n) > 0.

Proof. To prove part (i), suppose to the contrary that lim inf % = 0. Lemma 6
implies that liminf np; (n) = oco.
Consider the probability of outcome (k,[) in state o

k !
Pr{(k,1) | o] = e_mpawépe_m_r)pb (n(ll'?”)pb)
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and the corresponding probability Pr[(k,l) | 5], which is obtained by substituting
(1 —s) for r in the expression above.
The likelihood ratio

Py

npb(T-l—s—l)(l—p—a) % T (1 — T)l

Since along some sequence, %: — 0 and np, — oo

— _ Pa
enpb(r—l—s 1)(1 Pb) o

Moreover, in all events in the set Pivg, |k — | < 1.
Thus, there exists an ng such that for all n > ng

Pr[Pivs [ o] _ q(3]0)
Pr(Pivs [ 8]~ alalb)

But this contradicts the fact that for all n, the participation thresholds are posi-
tive, that is

q (B | b)Pr[Pivg | B] — q(a | b)Pr[Pivg | o] = F~ ! (pp) > 0

Part (ii) is, of course, an immediate consequence of Lemma 1. ®

C Appendix: Uniqueness

The purpose of this appendix is to provide a proof of Proposition 6.

First, we show that in any equilibrium, voting behavior must be sincere. This
now means that all equilibria must be of the kind we have studied—and the only
way there could be multiple equilibria is that there are multiple solutions to the
equilibrium participation rates. We complete the proof by showing that when n is
large, there can be only one pair of equilibrium participation rates.

To show that all equilibria involve sincere voting, we first rule out equilibria in
which voters with a signals and voters with b signals both vote against their own
signals with positive probability.

Lemma 8 In any equilibrium, at least one type votes sincerely.

Proof. Suppose to the contrary that neither type votes sincerely.
Let U (A, a) denote the gross payoff (not including costs of voting) of voting for
A to a voter with an a signal. Similarly, define U (B, a), U (A,b) and U (B,b).
Then we have that
U(A,a) > U (A,b) > U (B,b)
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where the first inequality follows from the fact that all else being equal, a vote of A
is more valuable with signal a than with with signal b. The second inequality follows
from the fact that, by assumption, b types vote for A with positive probability.

On the other hand, similar reasoning leads to

U(B,b) >U(B,a)>U(A,a)

and the two inequalities contradict each other. Hence it cannot be that neither type
votes sincerely. m

Lemma 9 There cannot be an equilibrium in which both types always vote for the
same candidate.

Proof. Suppose that all voters vote for A (say). Then we have that
U(A,a)>U(Ab) >U(B,b) >U(B,a)
Moreover, since b types participate,

U(Ab) = q(a|b)Pr[Piva|al—q(B]|0b)Pr[Piva | pf]
= q(a]|b) %G*n(TpaJr(l*T)Pb) —q(Bb) %e*n((PS)paHpb)
> 0
since the only circumstances in which a vote for A is pivotal is if no one else shows

up. Since r > 1 — s, a necessary condition for this to hold is that rp, + (1 —r)py <

(1 - S) Pa + SPp.
We claim that
U(B,b)—U(Ab) >0

which is equivalent to
q(B81b)(Pr[Piva | B] + Pr[Pivg | 5]) > q(a | b) (Pr[Piva | a] + Pr[Pivg | a])
Notice that

Pr[Pivy | 8] + Pr[Pivg | 5] = e ™(=9)patsm) (1+2n((1 = 8)pa + spp))
Pr[Piva | o] + Pr[Pivg | o] = e ™Pet@=mre) (14 1p (rp, + (1 — 1) pp))

and the first term is greater since the function e™® (1 + %x) is decreasing for = > 0
and pg + (1 —7)pp < (1 — 8) pa + spy.
Thus,
U(B,b)—U(Ab) >0

which contradicts the assumption that b types vote for A. m

Lemma 10 In any equilibrium, voting is sincere.
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Proof. Lemmas 8 and 9 imply that any equilibrium must have the following form:
one type votes sincerely and the other type votes sincerely with positive probability.

First, suppose that a types vote sincerely and b types vote sincerely with proba-
bility < 1. In this case,

oa=n(rps+(1—7)(1—p)pp); op=n(l—7)pupy (24)
Ta=n(1—=8)pa+s(1—p)py); Tp=nsupy

Since b types are indifferent between voting for A and voting for B, we have
0<U(B,b)=U(A,b) <U(A4,a)

where the inequality follows from the fact that, all else being equal, the payoff from
voting for A when the signal is a is higher than when the signal is b. Thus the
gross payoff of b types is lower than the gross payoff of a types and so py < po. If
Py < Da, then using (24), it is easy to verify that o4 > 74 and op < 7. Hence
voting behavior in any such equilibrium satisfies the conditions of the Likelihood
Ratio Lemma (Lemma 2). The gross payoff to a b type from voting is

U(B,b) =q(B|b)Pr[Pivg | 8] —q(a | b)Pr[Pivg |a] >0

where the pivot probabilities are computed using the expected vote totals in (24).
The inequality U (B, b) > 0 may be rewritten as

Pr[Pivs | 8] _ alo]?)

Pr[Pivp [a] = q(B D)

Lemmas 2 then implies that,

Pr [Pivy | 8] - q(a|b)
Pr[Piva |a] = q(B]))

which is equivalent to
U(A;b) = q(a|b)Pr[Piva | a] —q(B[b)Pr[Piva| ] <0

which is a contradiction.
Second, suppose that b types vote sincerely and a types vote sincerely with prob-
ability u < 1. In this case,

OA = NTUPG; op=n(r(1—p)ps+ (1 —7r)pp)

Ta=n(1—=8)ups; T8=n((1—3)(1—p)pa—+ spp) (25)

An analogous argument shows that now p, > p, and again the conditions of Lemma
2 are satisfied. As above, this implies that a types cannot be indifferent. m

We have thus shown that all equilibria must involve sincere voting. Note that
this does not require n to be large.
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It remains to show that given sincere voting, there is a unique set of participation
rates—that is, there is a unique solution (p},p;) to IRa and IRb. As we show next,
this is also true in large elections.!!

Lemma 11 In large elections, there is a unique solution to the cost threshold equa-
tions IRa and IRD.

Proof. Equilibrium cost thresholds are determined by the equations
Ua (Paypy) = ¢ (a | @) Pr[Piva| o] = q(8 | a) Pr[Piva | 8] = F~ (pa)  (IRa)

Uy (pasps) = q (B | b) Pr[Pivp | B] — q (o | b) Pr[Pivg | o] = F*(py)  (IRb)

We will show that when n is large, at any intersection of the two, the curve determined
by IRa is steeper than that determined by IRb, that is,

oU, -1 AN oU, oU, . oU, 1 ,
A S S

The calculation of the partial derivatives is facilitated by using the following
simple fact. If we write,

! k
—nrpe MTDa) —p(1—r)p, (M (L —7) D
Pr{(l,k) | o] =7 (“)e (1 )pb((k!))

as the probability of outcome (I, k) in state «, then

OPr|(lk) o] _
o nrPr[(l—1,k) | o] —nrPr[(l,k) | o
Obr{(lk)[a] _

o = n(l-7rPr[(l,k—1)|a]—n(1—r)Pr[(l,k) | a

Similar expressions obtain for the partial derivatives of Pr[(l,k) | f] .
Since the probability of a pivotal term Pive where C = A, B is just a sum of
terms of the form Pr[(l, k) | o], we obtain

5Pr[§w0|04 — wrPr[Pive — (1,0) | o] — nr Pr [Pive | o

Pa

‘W — (1) Pr[Pivg — (0,1) | a] = n (1 —r) Pr [Pive | ]
b

Again, similar expressions obtain for the partial derivatives of Pr[Pivc | 5] where
C=A_LB.
Myerson (2000) has shown that when the expected number of voters is large, the

"' This result does not hold in a corresponding model of costly voting with a fixed population.
Ghosal and Lockwood (2007) provide an example with the majority rule in which there are multiple
cost thresholds and hence, multiple equilibria.
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probabilities of the “offset” events in state « are

Pr [Pive — (1,0) | ] ~ Pr[Pive | a] 22
Pr[Pive — (0,1) | o] =~ Pr[Pivc|ajz™

N|=

where
l=rp

T Pa
Similarly, the probabilities of the offset events in state 5 are

X

Pr[Pivc — (1,0) | ] = Pr[Pivc | f] Z/%
Pr[Pive — (0,1) | ] =~ Pr[Pive | f] y_%

where
S Db

:l—spTl

Y

Using Myerson’s offset formulae it follows that

gg: ~ ng(a|a)rPr[Piva|a](z2 —1) —ng(8|a)(1—s)Pr[Piva | B] (y2 — 1)
88Ua ~ ng(al|a)(l—r)Pr[Piva | q] (x_%_l)_”qwm)SPT[PivA|B] (y_%—l)
Db

and similarly,

ggj ~ nq(ﬁ’b>(1—8)Pr[PivB‘ﬂ](y%—1)—nq(a!b)rPr[PivB|a}(x%_1)
gg: ~ nq(ﬁ’wsPr[PivB’5](3/7%—1)—nq(a\b)(1—r)Pr[PivB‘a](x*%_l)

We have argued that when n is large, any point of intersection of IRa and IRb,
say (pa,pp), results in efficient electoral outcomes—A wins in state o and B wins in
state 8. This requires that (pg,pp) satisfy

1
r@<1and18 P

T DPa — SPa

> 1 (27)
and by definition this is the same as
r<landy>1 (28)

From this it follows that at any point (ps,py) satisfying (27),

ou, ou,
< 0 and
apa apb

>0
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and similarly, ou o
b b
pa > 0 and i, <0
Thus at any (pg,pp) satisfying (27), the curves determined by IRa and IRb are
both positively sloped.
Since (F~* (pa)), and (F~! (pb)), are both positive, in order to establish the
inequality in (26), it is sufficient to show that

<_8Ua) R ou, - oUy R (_8Ub>
Opa ) = Opp ~ Opa Ipy

g(a|a)rPr[Pivala)(1-a2)+q(8|a)(1—s)Pr[Pival B (y — )

which is equivalent to

g(a|a)(1—7r)Pr[Piva|a](z72 —1)+q(8|a)sPr[Piva | f] (1 -y 2)
g(a |b)rPr[Pivg | o] (1—2%) +q (8] b) (1 - s) Pr[Pivg | 8] (y2 — 1)
q(a|b)(1—r)Pr[Pivg |« (afé —1)4+q(B|b)sPr|[Pivg | 5] (1 —y 2)
Using . s
q(a|a):mandq(ﬁ|b):m
and writing [ 8 [ »
_ PrPivy an _ Pr|Pivp
La= Pr[Piva | o] d Ly Pr[Pivg | o]

as the two likelihood ratios, the inequality above is the same as

(1= + (1= @2 ~DLa _r(l=r)(l—a2)+s(1-5) (> ~Ls

r(l—r)(z72 =1)+s(1—s)(1—y 2)La A—2 @ —1) 40—y 5)Ls

Cross-multiplying and cancelling terms, further reduces the inequality to

(0= b e -y - a-sha-yh) x L

rs

e (T BRI RIIBFC 1) PReca——
(29)

We claim that for all (pg,py) satisfying (27),

=002t 1)d 1) - - 2h)1 53 <o (30)
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To see this, note that by definition,

_ 5 Db

vy = 1—spia
B rS 1—rp
 (1-r(1-5) 7 p,
B TS
T a-na-9"
= Rx

rs

where R = =9 Substituting y = Rx we obtain

1 1

R(z™2=1)(y2-1)-(1-=

1

1=y 2) = R (a3 =1)(Rews —1)—(1—2) (1-R"%273)

=

Now consider the function
o (x) = R_l(gj_% — 1)(R%x% -1)-(1- 93%)(1 _ R_%x_%)

Since # < 1 < y = Rz, we have R~ < x < 1. Notice that ¢ (1) = 0 = ¢(R™1). It is
routine to verify that ¢ is convex and so ¢ (z) < 0 for all z € (R™1,1). Thus we have
established (30).

Now because of (30), the inequality in (29) reduces to

Pr(Piva| Bl _ . Pr[Pivs|f]

Pr[Piva | o] Pr [Pivg | o] (81)

Finally, notice that IRa and IRb imply, respectively, that

r qlafa)  PriPiva|f] ., PrlPwp|B] _ qla]b) 1-r

1—s q(Bla)  PrlPiva|a] " Pr[Pivg |a] ~ q(B|b) s

and this immediately implies (31), thereby completing the proof that at any point of
intersection of IRa and IRb, the slope of IRa is greater than the slope of IRb. This
means that the curves cannot intersect more than once. m

References

[1] Abramowitz, M. and I. Stegun. Handbook of Mathematical Tables, Dover, 1965.

[2] Austen-Smith, D. and J. Banks (1996): “Information Aggregation, Rationality,

and the Condorcet Jury Theorem,” American Political Science Review, 90, 34—
45.

[3] Borgers, T. (2004): “Costly Voting,” American Economic Review, 94, 57-66.

[4] Downs, A. (1957): An Economic Theory of Democracy, Harper-Collins.

35



[5]

[6]

[12]

[13]

[14]

[15]

[16]

[17]

Feddersen T. and W. Pesendorfer (1996): “The Swing Voter’s Curse,” American
FEconomic Review, 86, 408-424.

Feddersen T. and W. Pesendorfer (1997): “Voting Behavior and Information
Aggregation in Elections with Private Information,” Econometrica, 65, 1029—
1058.

Feddersen T. and W. Pesendorfer (1998): “Convicting the Innocent: The Infe-
riority of Unanimous Jury Verdicts under Strategic Voting,” American Political
Science Review, 92, 23-35.

Ghosal, S. and B. Lockwood (2007): “Information and Costly Voting: Is Turnout
Too High or Too Low?” mimeo, University of Warwick, October.

Krasa, S. and M. Polborn (2007): “Is Mandatory Voting better than Voluntary
Voting?” mimeo, University of Illinois, October.

Ledyard, J. (1981): “The Paradox of Voting and Candidate Competition: A
General Equilibrium Analysis,” in Essays in Contemporary Fields of Economics,
G. Horwich and J. Quirk (eds.), Purdue University Press.

Ledyard, J. (1984): “The Pure Theory of Large Two-Candidate Elections,” Pub-
lic Choice, 44, 7-41.

Martinelli, C. (2006): “Would Rational Voters Acquire Costly Information?,”
Journal of Economic Theory, 129, 225-251

McLennan, A. (1998): “Consequences of the Condorcet Jury Theorem for Bene-
ficial Information Aggregation by Rational Agents,” American Political Science
Review, 92, 413-418.

Myerson, R. (1998): “Extended Poisson Games and the Condorcet Jury Theo-
rem,” Games and Economic Behavior, 25, 111-131.

Myerson, R. (2000): “Large Poisson Games,” Journal of Economic Theory, 94,
7-45.

Palfrey, T., and H. Rosenthal (1983): “A Strategic Calculus of Voting,” Public
Choice, 41, 7-53.

Palfrey, T., and H. Rosenthal (1985): “Voter Participation and Strategic Uncer-
tainty,” American Political Science Review, 79, 62—78.

Taylor, C. and H. Yildirim (2005): “A Characterization of Voter Turnout in
Large Elections,” mimeo, Duke University, October.

36



